Under two-dimensional Jordan-Wigner transformation the zero temperature spin-Peierls transition for quasi-one dimensional XY and Heisenberg model is studied. The phase diagram between the dimerized (D) state and uniform (U) state in the parameter space of interchain coupling h (= J ⊥ /J) and spinlattice coupling η is given. It is found that the spin-lattice coupling η must exceed some critical value η c in order to reach the D phase for any finite h. The value η c has the dependence −1/ ln h on h in h → 0 region and the transition between U and D phase is of first-order at least for h > 10 −3 .
The fact that the S = 1/2 Heisenberg spin chain is unstable towards dimerization when coupled to an elastic lattice is known as spin-Peierls (SP) transition [1] . This occurs because dimerization opens a gap in the spin excitation spectrum and lowers the total magnetic energy by a greater amount than the increase in elastic energy due to deformation. Such a transition was first suggested by analogy with the conventional Peierls transition in linear conducting chains and later observed in several organic compounds such as MEM-(TCNQ) 2 [2] . It has attracted renewed attention since the discovery of inorganic compound CuGeO 3 in 1993 [3] .
In the adiabatic limit, it is well understood for exactly one-dimensional (1D) Heisenberg model that the dimerized (D) state, relative to the uniform (U) one, is always stable for arbitrarily weak spin-lattice coupling in the ground state [1] . It is interesting to study the competition between these two states in presence of some extra mechanisms. People have found several mechanisms which may destroy the D phase, for example, small Ising anisotropy [4] . Quantum lattice fluctuation is another candidate. Beyond adiabatic approximation, i.e., treating the phonons dynamically it was found that the spin-phonon coupling must be larger than some nonzero critical value for the SP instability to occur [5] . Another possible mechanism is the interchain exchange interaction [6, 7] . Such a mechanism is even more significant because it is not only theoretically interesting but also important for real application. For example, in the material CuGeO 3 experimental study [8] suggests relatively large interchain coupling, about J ⊥ /J = 0.1 (J represents the intrachain exchange), and it is also theoretically proposed that the interchain coupling must be included in the model [9] . So it is very interesting to study the SP transition for a general quasi-1D system with inclusion of interchain coupling. This will be discussed here with special focus on the problem how the interchain coupling modifies the dimerized ground state of exactly 1D case.
This problem has so far been considered by some authors analytically [6] and numerically [7] . However, they all treated the interchain coupling within the so called chain mean-field theory and actually still studied 1D system. Obviously the effect of interchain coupling is underestimated. It is the purpose of this paper to reconsider such a problem. Beyond the chain mean-field theory, we treat the intrachain and interchain exchange on an equal footing based on two-dimensional (2D) Jordan-Wigner (JW) transformation [10] [11] [12] and some new results are derived.
In adiabatic approximation, we begin with the following 2D Hamiltonian on a square lattice:
where S i,j represents the spin-1/2 operator at site r i,j = i x+j y ( x, y are unit vectors along the x-and y-axis, respectively), J(J ⊥ ) is the intra(inter)chain exchange coupling along the x(y)-axis, K is the intrachain elastic constant and N is the total number of lattice sites. In the above we have assumed the lattice displacement u i,j = (−1) i+j u and defined dimensionless dimerization parameter δ = αu, where α = − ∂J ∂u /J is spin-lattice coupling constant. In the following we set J as energy unit and use dimensionless interchain coupling h = J ⊥ /J and spin-lattice coupling η = α 2 J/K.
We apply 2D JW transformation to represent the spin operators into fermions, which has the advantage that all spin commutation relations, as well as the spin on-site exclusion principle are automatically preserved [10] . This transformation has been proved quite well for application in real materials [10, 11] . Following Refs. [11, 12] , we use the following fomulas
with
where c † i,j (c i,j ) is a spinless fermion creation (annihilation) operator at r i,j and n i,j = c † i,j c i,j is the particle number operator. The beginning Hamiltonian can be transformed into:
where the phase factor e iψ i,j = e i(φ i+1,j −φ i,j ) describes an effective hopping between intrachain nearest-neighbour sites. There are many different configurations for the phase factor depending on the spin configuration. Following the previous works, we select the configuration (see Figs.1 in Refs. [10, 12] ) that the phase factor e iψ i,j varies as e iπ and 1 alternatively,
i.e., (−1) i+j (note it happens to coincide with our dimerization pattern). Then the Hamiltonian can be rewritten in terms of fermion operators e and f corresponding to the two sublattices A and B respectively as follows (constants irrelevant to δ are ignored)
In the following we want to study the SP transition at T = 0 based on the above Hamiltonian.
Depending on the value δ * which minimizes the ground state energy, the system may be in D phase (δ * = 0) or U phase (δ * = 0) in the parameter space of interchain coupling and spin-lattice coupling (h, η).
At first we consider the XY model, that is, drop out all the Ising (four-fermion) terms above. It enables us an exact diagonalization but already contains the essential elements for the SP transition. The diagonalized magnetic spectrum is ε
yielding the following equation:
It is interesting to notice that the above equation will recover to the corresponding rigorous one for exactly 1D case [13] if we set h = 0, that is, 1 = Figs. 1 and 2 . The dashed line in Fig. 1 gives the boundary for D and U phase in the parameter space (h, η). As expected, the interchain coupling stabilizes the U phase. As long as the interchain coupling h > 0, the spin-lattice coupling η must exceed some critical value η c to reach the D phase and η c increases monotonously with h. It is qualitatively the same as previous result [6, 7] , however, we give the improved relationship between η c and h
here. In Refs. [6, 7] the interchain coupling is treated within mean-field theory and the linear relation between η c and h is given. It surely underestimates the effect of interchain coupling due to ignorance of its fluctuation, especially in small h region which we are most interested in. Actually we have found that even an infinitesimal interchain coupling may induce a fast increasement of η c from zero. Careful analysis shows that the critical value η c has the functional form −1/ ln h in the h → 0 region, which increases starting from zero much faster than linear. We think this result is more reasonable than the previous one. Moreover, we have found that the transition from U to D phase with increase of η is of first-order at least for h > 10 −3 [15] . As shown in Fig. 2 we may see how the order parameter δ * jumps from zero to finite value with η for several h values. The property of first-order transition has ever been refered to in Ref. [6] but without any explanation. It is also interesting to notice that the magnetic excitation is not always gapful for finite dimerization in presence of interchain coupling. The gapful/gapless phase diagram for a 2D
Heisenberg model with exchange alternation has ever been studied in the parameter space of interchain coupling h and dimerization amplitude δ by Quantum Monto Carlo (QMC) calculation and spin wave (SW) theory [16] . From our spectrum ε XY k , it is also easy to find that the excitation is not gapful until the dimerization δ reaches the critical value δ c = h, see the solid line in Fig. 3 . This result (or the later one for Heisenberg model) is close to that by the QMC calculation and much better than that by the SW theory in small h region (cf. Fig. 2 in Ref. [16] Let us come to the case of Heisenberg model. We treat the Ising terms with mean-field theory. Decoupling the four fermion terms in the way for example f † i−1,j f i−1,j e † i,j e i,j → − < f † i−1,j e i,j > e † i,j f i−1,j + h.c, and defining the parameters P 1(2) =< f † i∓1,j e i,j >, Q 1(2) =< f † i,j∓1 e i,j >, we may diagonalize the Hamiltonian (4) and derive the self-consistent equations for these parameters. For simplicity we do not consider the complex δ dependence of these parameters and substitute them with their values at δ = 0. Then we have
and the ground state energy is E GS = − k |ε k | + Nδ 2 /2η with spectrum
The dependence of P, Q on h is plotted in Fig.4 . Similar to before we solve the value δ * which minimizes the ground state energy and give the D/U phase boundary in Fig. 1 by the thick solid line. The relation η c ∼ −1/ ln h at small h region is the same as before.
The property of first-order transition is also found for large range of h though we can not prove if it is true for the whole region h > 0. The gapful/gapless phase boundary in the parameter space (h, δ) is shown by the dotted line in Fig. 3 . Actually all the present results may be derived from the previous ones if we renormalize the original parameter h, η into h(1 + 2Q)/(1 + 2P ), η(1 + 2P ) respectively which make the expressions for E XY GS and E GS be of the same form. Quantitatively it is found that the Ising terms widen the region of D phase, which means that the Ising terms are favorable to dimerization (mainly caused by the intrachain Ising term). This is consistent with that in Ref. [17] where it was found that the SP transition temperature is enhanced by the Ising term. Physically the intrachain
Ising term is favorable to stabilize the spin singlets in the D phase and thus reduce the total magnetic energy further. It deserves to be pointed out, our above mean-field treatment has implied that there is no long-range antiferromagnetic order even in the U phase since it is easy to show that < e † i e i >=< f † i f i >= 1/2 (so we call U phase here rather than Néel order phase). In the U phase there should exist a transition from long-range antiferromagnetic Néel order (h = 1) to paramagnetic order (h = 0) with decrease of interchain coupling h. The essential question is whether the critical coupling h c for this order-disorder transition is zero or has a finite value, which is still not fixed up to now [18] . If h c takes on a finite value, our above mean-field treatment with ignorance of long-range Néel order is self-consistent at least in the region h < h c . On the other hand, if h c is zero we need to take into account the Néel order by introducing another parameter which represents the magnetization m =< e † i e i − 1/2 >= − < f † i f i − 1/2 > when decoupling the four-fermion terms [10, 11] . However, this does not change our qualitative D/U (now the U phase also means Néel order phase) phase diagram.
Next we give the result under the linear SW approximation as a comparison. Now the spin operators in two sublattices are written by two kinds of bosonic operators. Following the steps in Ref. [19] , we may write the beginning Hamiltonian into the following quadratic form:
where
The ground state is vacuum state for α k and β k , which has the energy
It is found that the critical value η c which differentiates the D and U phase is determined by the relation E GS (δ = 0) = E GS (δ = 1). The result is shown by the thin solid line in Fig.   1 . It gives a finite η c = π/2 even at h = 0, which is obviously wrong. As discussed in Ref.
[19], the linear SW approximation is valid only when h is at least larger than 0.1. In this region the increase of η c with h is similar to that based on JW transformation.
Before closing we note that, there are intensive studies on the material CuGeO 3 recently which show a surprising coexistence of D phase and Néel order phase when doped, as well as a first-order transition from this coexisted phase to Néel order phase with doping density [20] . And theoretically it is thought that the interchain coupling plays a key role for these phenomena [21, 22] . Thus our phase diagram given here (for pure system) will be very helpful for understanding them [22] and it is also of great interest to extend this work to study the phase diagram for doped quasi-1D SP system.
In conclusion, based on 2D JW transformation we have studied the ground state D/U phase diagram for quasi-1D SP system. It is found that the spin-lattice coupling η must exceed some critical value η c in order to reach the D phase for any finite h. The value η c has the dependence −1/ ln h on h in h → 0 region and the transition between U and D phase is of first-order at least for h > 10 −3 .
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